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Abstract 

We study the problem of existence of surfaces in M'^ parametrized on the sphere 
with prescribed mean curvature H in the perturbative case, i.e. for H = Hq + eHi, 
where Hq is a nonzero constant, Hi is a function and e is a small perturbation 
parameter. 
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1 Introduction 



In this paper we are interested in the existence of if-bubbles, namely of S^-type para- 
metric surfaces in with prescribed mean curvature H. This geometrical problem is 
motivated by some models describing capillarity phenomena and has the following ana- 
lytical formulation: given a function H G C^(]R^), find a smooth nonconstant function 
u; : ^ M'^ which is conformal as a map on §^ and solves the problem 

/\uj = 2H{uj)uj.j: /\ujy, in R^, 

Vuj\ < +00, 

where = {%^, ^, %^), oOy = (^, ^, ^),Au = u,, + Uyy, Vu = (u^Uy), and A 
denotes the exterior product in R^. 

*Supported by MIUR, national project "Variational Methods and Nonlinear Differential Equations". 
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Brezis and Coron (4^ proved that for constant nonzero mean curvature H{u) = Hq the 
only nonconstant solutions are spheres of radius |i^fo|^^- 

While the Plateau and the Dirichlet problems has been largely studied both for H 
constant and for H nonconstant (see [3 EJ HUl [121 UHl UH CHI), problem {Pr) in the 
case of nonconstant H has been investigated only recently, see jSJIHllZI. In j3] Caldiroli and 
Musina proved the existence of //-bubbles with minimal energy under the assumptions 
that H e C\R^) satisfies 

(z) sup \VH{u + ^) ■ uu\ < 1 for some ^ G M^, 

(ii) H{u) Hoc, as \u\ —>■ oo for some Hoc G M, 

An 

(m) ch= inf sup £h{su) < 

where Sh[u) = | J^^ | Vwp + 2 Q{u) ■ AUy and Q : — > is any vector field such 
that div Q = H. 

The perturbative method introduced by Ambrosetti and Badiale [TJ |2] was used in [7j 
to treat the case in which H is a small perturbation of a constant, namely 

H{u) = H,{u) = Ho + sH^iu), 

where Hq eM. \ {0}, Hi G C^(R'^), and e is a small real parameter. This method allows to 
find critical points of a functional fs of the type feiu) = fo{u) — eG{u) in a Banach space 
by studying a finite dimensional problem. More precisely, if the unperturbed functional 
/o has a finite dimensional manifold of critical points Z which satisfies a nondegeneracy 
condition, it is possible to prove, for |£| sufficiently small, the existence of a smooth 
function rii;{z) : Z (T^Z)-^ such that any critical point z & Z of the function 

gives rise to a critical point = z + 'rj^{z) of J^, i.e. the perturbed manifold := 
{z + rj^{z) : z E Z} is a natural constraint for J^. Furthermore can be expanded as 

<l>,{z) = b-er{z) + o{e) as e ^ (1.1) 

where b = fo{z) and F is the Melnikov function defined as the restriction of the pertur- 
bation G on Z, namely F = G^^. For problem {Pne)-, T is given by 

F : -> R, T{p) = [ Hi{q)dq. 

In [7 Caldiroli and Musina studied the functional F giving some existence results in the 
perturbative setting for problem [Ph^)- They prove that for \e\ small there exists a smooth 
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iJg-bubble if one of the following conditions holds 



1) 
2) 




3) 



They prove that critical points of F give rise to solutions to {Ph^) for e sufficiently small. 
Precisely the assumption that Hq is large required in cases 1) and 2) ensures that if Hi 
is not constant then F is not identically constant. If we let this assumption drop, it may 
happen that F is constant even if Hi is not. This fact produces some loss of information 
because the first order expansion p. HI is not sufficient to deduce the existence of critical 
points of from the existence of critical points of F. Instead of studying F we perform a 
direct study of $e which allows us to prove some new results. In the first one, we assume 
that Hi vanishes at oo and has bounded gradient, and prove the existence of a solution 
without branch points. Let us recall that a branch point for a solution u to (Ph) is a point 
where Vu = 0, i.e. a point where the surface parametrized by uj fails to be immersed. 



Let H^ = Hq + eHi. Then for \e\ sufficiently small there exists a smooth Hi^-bubble without 
branch points. 

With respect to case 1) of ^ we require neither nondegeneracy of critical points of Hi 
nor largeness of Hq. With respect to case 2) we do not assume that Hq is large; on the 
other hand our assumption (HI) implies 2). Moreover we do not assume any integrability 
condition of type 3). With respect to the result proved in 0, we have the same kind of 
behavior of Hi at oo (see (ii) and assumption (HI)) but we do not need any assumption 
of type (Hi); on the other hand in it is not required that the prescribed curvature is a 
small perturbation of a constant. 

The following results give some conditions on Hi in order to have two or three solutions. 



hold. Then for \£\ sufficiently small there exist at least three smooth Hg^-bubbles without 
branch points. 



Theorem 1.1 Let Hq eR \ {0}, Hi e C^{R^) such that 



(HI) lim Hi{p) = 0; 



|p|->oo 



{H2) V//i G L°°(M^M^). 



Theorem 1.2 Let Hq G M \ {0}, Hi G C^{M.^) such that (HI), {H2) 



{H3) Ress Hi{p) is positive definite for any p G Bi/\Ho\{^)y 
(HA) Hi{p)>QtnBi/\H,m, 
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Remark 1.3 // we assume (HI), {H2), and, instead of {H3) - (Hi), that Hi{0) > 
and Hessifi(O) is positive definite, then we can prove that for \Hq\ sufficiently large and 
\e\ sufficiently small there exist at least three smooth Hg^-huhhles without branch points. 

Theorem 1.4 Let Hq E M \ {0}, Hi G C^{M.^) such that (HI) and {H2) hold. Assume 
that there exist Pi,P2 G such that 

{H5) [ Hi{C)dC>0 and [ Hi{^)d^<0. 

Jb{pi,1/\Ho\) Jb{p2,1/\Ho\) 

Then for \e\ sufficiently small there exist at least two smooth H ^-bubbles without branch 
points. 

Remark 1.5 If we assume {HI), {H2), and, instead of {H5), that there exist pi,p2 G 
such that Hi{pi) > and Hi{p2) < 0, then we can prove that for \Hq\ sufficiently large 
and \e\ sufficiently small there exist at least two smooth H^-bubbles without branch points. 

The present paper is organized as foUows. In Section 2 we introduce some notation and 
recaU some known facts whereas Section 3 is devoted to the proof of Theorems II. H \1.2\ 
andlOl 

Acknowledgments. The author wishes to thank Professor A. Ambrosetti and Professor 
R. Musina for many helpful suggestions. 



2 Notation and known facts 

In the sequel we will take Hq = 1; this is not restrictive since we can do the change 
Hi{u) = HqHi[Hqu) . Hence we will always write 

H^{u) = l + eH{u), 

where H G C^(M'^). Let us denote by u> the function w : ^ §^ defined as 

2 

(^ix,y) = (fi{x,y)x,iJ,{x,y)y,l- iJ,{x,y)) where ^{x,y) = — — — — r, (x,y)G]R^. 

Note that a; is a conformal parametrization of the unit sphere and solves 

Acj = 2ux /\i^y on 

(2.1) 

Vcjp < +00. 
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Problem (j2.H) has in fact a family of solutions of the form o + p where p G and (f) is 
any conformal diffeomorphism of M^U{oo}. For s G (1, +C)o), we will set := L*(S^, 
where any map f G is identified with the map f o a; : which satisfies 



\v o uj\^ 



We will use the same notation for v and v o u. By W^''^ we denote the Sobolev space 
H^^'*(S^,M^) endowed (according to the above identification) with the norm 

l/s 







l/s 








+ 





If s' is the conjugate exponent of s, i.e. ^ + p- = 1, the duality product between W^'^ and 
p^i.s' ig given by 



'S/v ■ Vv? + / V ■ if fi for any v G W'' and G W'' . 



Let Q be any smooth vector field on such that divQ = H. The energy functional 
associated to problem 



is given by 



where 



SJu) 



An = 2 (l + eH{u)) A Uy, in 
|Vn|^ < +00, 

V//(n) = / Q{u) ■ A Uy 



has the meaning of an algebraic volume enclosed by the surface parametrized by u with 
weight H (it is independent of the choice of Q); in particular 

"I^I(W) = ^ / U-UX A Uy. 

In [7|, Caldiroli and Musina studied some regularity properties of Vh on the space W^'^. 
In particular they proved the following properties. 

a) For H G C^(M'^), the functional Vh is of class on W^'^ and the Frechet differential 
of at M G W^'^ is given by 

dVH{u){p = / H{u) tp- A Uy for any ip G W^'^ (2.2) 
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and admits a unique continuous and linear extension on W^'^^"^ defined by (j2.2j) . 
Moreover for every u G W^'^ there exists V'jj{u) G W^'^ such that 

(V^(m), H{u)ip-u^AUy for any (p e W^'^/^ . (2.3) 

b) For H G C2(M3), the map : W^^'^ W^'^ is of class and 

{Vh{u) ■ r],ip) = H{u) ip-{r]x AUy + Ar]y) + {VH{u) ■ r])ip ■ {u^ A Uy) 

for any m, G W^^'^ and ip G I^/^^'^/^^ (^2.4) 
Hence for all u G W^'^, ^eiu) G VF^'^ and for any (p G W^'^^'^ 

{£'^{u),ip) = / Vm ■ Vv9 + 2 / (p-UxAUy + 2e H{u) ip ■ A Uy. 

As remarked in [Zj, critical points of in 14^^'^ give rise to bounded weak solutions to (P^) 
and hence by the regularity theory for iJ-systems (see ) to classical conformal solutions 
which are C^'" as maps on S^. 

The unperturbed problem, i.e. (Pg) for e = 0, has a 9-dimensional manifold of solutions 
given by 

Z = {Rlu o + p: Re S0{3), / > 0, C e R^ peR^} 

where L^^z = l{z — ^) (see ^J). In [TT] the nondegeneracy condition T^Z = keiSQ^u) for 
any u & Z (where TuZ denotes the tangent space of Z at u) is proved (see also 0). 

As observed in j2] , in performing the finite dimensional reduction, the dependence on 
the 6-dimensional conformal group can be neglected since any H-sjstem is conformally 
invariant. Hence we look for critical points of Ss constrained on a three-dimensional 
manifold Z^ just depending on the translation variable p G M^. 

3 Proof of Theorem 11.11 



We start by constructing a perturbed manifold which is a natural constraint for Sg. 

Lemma 3.1 Assume H G C^iR^) n L°°(]R3) and VH G L'^{R?,R?). Then there exist 
Sq > 0, Ci > 0, and a map rj : (— £o,^o) x — > W^'^ such that for any p G and 
e G (-£0,^0) 

£'^{uj + p + r]ie,p)) eT^Z, (3.1) 
r]{e,p)e{T^Zy, (3.2) 

/ Vie,p) = 0, (3.3) 

\\rj{e,p)\\w^.^<C^\e\. (3.4) 
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Moreover if we assume that the limit of H at oo exists and 

lim H{p) = (3.5) 

IpI^oo 

we have that rj{e,p) converges to in W^'^ as \p\ — > oo uniformly with respect to \e\ < Eq. 
Proof. Let us define the map 
F = (Fi, Fa) : M X X W^'^ x x ^ W^'^ x R^ x R^ 

{Fi{e,p,r],l,a),p) = {£',iuj + p + 7]),ip)-y2k [ Vp-Vn + a-f p, ^p eW^'""^ 



F2{e,p,7],l,a)=( [ Vr/- Vri,..., / V?7 ■ Vrg, / 



T] 

2 



where ti, . . . ,tq are chosen in T^Z such that 

Vtj ■ Vrj = 5ij and / n = z, j = 1, . . . , 6 



S2 

SO that T^Z is spanned by ti, ... ,tq, 61,62,63. It has been proved by Caldiroh and 
Musina |7j that F is of class and that the linear continuous operator 

C : W^'^ X X ^ W^'^ X X 
OF 

C= (0,p,0,0,0) 
9(r7,/,a) 

i.e. 

C2{v,fi,l3)=( [ Vv-Vn,...,[ VvVt,, [ V 

\ JR2 J^2 J§2 

is invertible. Caldiroh and Musina applied the Implicit Function Theorem to solve the 
equation F{e,p,ri,l,a) = locally with respect to the variables e,p, thus finding a C^- 
function 77 on a neighborhood {-eo,eo)xBR C RxR^ satisfying dSH), (|S2I), and (Q. We 
will use instead the Contraction Mapping Theorem, which allows to prove the existence of 
such a function r] globally on R^, thanks to the fact that the operator £ does not depend 
on p and hence it is invertible uniformly with respect to p G M^. 

We have that F{e,p, rj, l,a) = if and only if (77, /, a) is a fixed point of the map T^^p 
defined as 

Te,p{vJ,(^) = ~C'^F{e,p,r],l,a) + {r],l,a). 
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To prove the existence of i] satisfying (j3.ip . (j3.2p . and (|3.3p . it is enough to prove that 
is a contraction in some ball -Bp(O) with p = p{e) > independent of p, whereas the 
regularity of 'r]{e,p) follows from the Implicit Function Theorem. 
We have that if ||r7||vi/i>3 < P 

\\T£,p{7], I, a)||iyi,3xR6xIR3 

< C2\\F{e,p,r]J,a) - C{ri,l,a)\\wh3y,K6y,^i < C2\\£',iuj + p + t]) - £Q{uj)r]\\wi,3 

< C2{\\S^{u; + r/) - SI;{ujMwi,-^ + 2\e\ \\Vh{u; + p + v)\\w^,s) 

< C2 Q \\S;;{io + tv) - ^^'MlUi,3/2 dt\\r]\\w^,3 + 2|£| II V;,(a; + P + v)\\w^,^ 
<C2P sup \\S;;{uj + r]) -S;;{uj)\\wi,3/2 + 2C2\e\ sup \\Vh{uj + p + v)\\w^^^ 

(3.6) 

where C2 = \\C~'^\\c{w^.'ixM.^xm3)- For {r]i,h,ai), (172, ^2, "2) e 5^(0) C W^'^ xR^xR^ we 
have 



\\Te,piviih,ai) - T£,piv2,k,a2)\\ 



W1.3xR6xK3 



< 



^211^1 - ^2||iyi>3 

11^^(0; + p+Vl)- S'ei^ +P + V2)- ^0 - V2) IkM 



C2||^?l - ??2|Ui>3 

< / \\S'J{uj + p + r]2 + t{r],-7]2))-S;;{u)\\y,..y.dt 
Jo 

< / \\SQ{uj + p + r]2 + t{r]i-ri2)) -SQ{u)\\wi,3/2dt 
Jo 

+ 2\e\ / Kiuj + p + r]2 + t{r]i - r]2))\\w^,m dt 
Jo 

< sup ||£:o(^^ + '7) -^^o(^)llTyi.3/2 +2|£| sup | |V^^ (a; + p + 77)11,4/1,3/2. 

II»?IIm'1,3<3p l|f?llw,i,3<3p 

From ()2.3|1 . ()2.4j) . and the Holder inequality it follows that there exists a positive constant 
C3 such that for any rj G W-^'^, p eR^ 



\\V'^(u + p + r^)\\wr.3<Cs 
||V^(a; + p + 77)||^i,3/2 <C3 



2/3 



1/2 



|iy(a; + p + ?7)|3/2|Vcj|V^ 
|iy(a; + p + ?7)nV(a; + 77)|2 

+ (/ \VH{u + p + r])f/^\V{LJ + r])fp-^ 
\Jm^ 



2 

iyl,3 



2/3- 



(3.7) 



(3. 
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Choosing po > such that 

C2 sup 11^0 + r])- £^'(a;)||^i_3/2 < ^ 

and £0 > such that 



8C2C3£o||^^||L-(R3)||t^||^i.3 < min|l,po, 3(7^^3^^ }' ^^■^'> 
sup \\V'h(co + p + v)\\w^,^ <7rT^. (3.10) 



sup ||V^(a; +P + 77)11^^1,3/2 < (3.11) 
li^llwi,3<3po o£oL'2 



we obtain that T^p maps the ball -Bpo(O) into itself for any \e\ < Eq, p E M"^, and is a 
contraction there. Hence it has a unique fixed point [r]{e,p),l{e,p),a{e,p)) E Bp^^O). 
From ()3.6p we have that the following property holds 



[*) Te^p maps a ball Bp{0) C 1^^'^ x M*^ x into itself whenever p < po and 



p > 4|£|C2 sup ||V^(i:^ +p + ?7)||vyi,3. 

il'7llw-1.3<P 



In particular let us set 



Pe = 5\e\C2 sup ||V^(cu + P + ?7)||vFi>3. (3.12) 

lklliyl,3<P0 



In view of fj3.10p and ()3.12|) . we have that for any |£| < Eq and for any p G 

Pe < Po and > 4|£|C2 sup ||V^(cu + P + ?7)||vyi,3 

ll'?llwl.3<Pe 



SO that, due to (*), T^^p maps -Bp^(O) into itself. From the uniqueness of the fixed point 
we have that for any |e:| < £0 and p G M'^ 

||(?7(£,p),/(£,p),a(£,p))||iyi.3xR6xR3 < pe< Ci\e\ (3.13) 

for some positive constant Ci independent of p and hence ||^(£,p)||i4^i,3 < Pe < Ci\e\ thus 
proving ()3.4j) . Assume now ()3.5|1 and set for any p G 



Pp 



SC^CsSoi [ sup \H{q)\'/^\VLu\'fi-'] 

\Jr'^ \q-p\<l+Co ) 



2/3 
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where Cq is a positive constant such that ||if||L°° < C'oll^ll vk^-^ for any u G W^'^. From (|3.9|) 
we have that 

Hence, due to ()3.7p . we have that for |£| < Eq and ||?7||t^i,3 < pp 

A\e\C2\\V'Hiuj + p + v)\\w^'^ 

AeoC2C3( I sup \H{q)f''\Vuj\''p-^\ ' + AeoC2C3pl < p^. 

V 7r2 |g-p|<l+Co y 



< 



From (*) and the uniqueness of the fixed point, we deduce that ||^(£^,]5)||vki.3 < Pp for any 
|£:| < So and p G M'^. On the other hand, since H vanishes at oo, by the definition of pp 
we have that pp — as \p\ — >• oo, hence 

hm ri[e,p) = in VF^'^ uniformly for < eg- 

IpI^oo 

The proof of Lemma 13.11 is now complete. □ 
Remark 3.2 The map r] given in Lemma \S. 1\ satisfies 

{S'.iu +P + vie, p)),ip) -This, p) [ V^-VT, + a{e,p)- f ^^eW^^^'^ 



where {^r]{e,p),l{e,p), a{e,p)) G -Bp^(O) C W^'^ x x being p^ given in hence 
/ V{uj + r]{e,p))-V(p + 2 (p ■ {uj + r]{e,p))^ A {u + ri{e,p))y 

JR2 JR2 

+ 2E H{uj + p + r]{e,p))ip ■ {u + r]{e,p))^ A {uj + 7]{e,p))y 

~[ JR2 Jg2 

i.e. r]{s,p) satisfies the equation 

Ar]{e,p) = F{e,p) 

where 

F{e,p) =2{uj + r]{e,p))^ A {u + r]{e,p))y - 2u^Aujy + 1{e,p) ■ At - a{e,p)p^ 
+ 2eH{uj + p + r]{e,p)){uj + r]{e,p))^ A {uj + r]{e,p))y m M^. 
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Since F{e,p) G L^/^ and, in view of and \3.1'J\) . F{e,p) ^ in L^/^ as e ^ 

uniformly with respect to p, by regularity we have that 



2,3/2 



r]{e,p) G PF^'^/^ and 'r]{e,p) ^ in W 

hence, by Sobolev embeddings, F{e,p) G and F{e,p) in as e uniformly 
with respect to p. Again by regularity 

ri{e,p) G W"^'^ and r]{e,p) in W^'^ 

hence r]{e,p) G C^'^^^ and 

ri{e,p) — » in C^'^^^ as e — uniformly with respect to p. (3-14) 

For any e G (— ^oi ^o); let us define the perturbed manifold 

Z^:= [uj + p + rj{e,p) : p G M^}. 

From [7j, we liave tliat is a natural constraint for £^£, namely any critical point p G 
of the functional 

^,{p)=Se{io+p + r]{e,p)) 
gives rise to a critical point = uj + p + rj{e,p) of S^- 

Proposition 3.3 Assume H G ^^(M^)^ vi/ G L^{R^,M.^), and \im\p\_,^ H (p) = 0. 
Then for any \6\ < Sq 

lim ^e{p) = const = So{u). 

|p|— »oo 

Proof. We have that 

^e{p) = ^e{^^ + P + V{^,P)) = ^o(t^ + P + + 2eVH{(^ +P + v{^,P)) 

= \ I |V^P + i/ |Vr/(e,p)|2+ /" V^-Vr/(£,p) 

+ 2e[VHiio + p) + {VHiuj + p),ri{e,p)) + o{\\r]{e,p)\\w^,3)] 
= 1 I |V^|' + ^/ u-u.AUy + l I \Vv{e,p)\^+ I Vuj-Vr]{e,p) 

^ JR2 6 J^2 A J^2 J^2 

+ - uj-{uj^A r]{e, p)y + 7]{e, p)^ A ujy) 

+ - / Lo- ri{e, p)^ A p)y + - / ??(£, ■ (a; + p))x A (o^ + 77(5, p))^ 
+ 2£Vh(cc' + p) + 2e{VH{uj + p), r/(£,p)) + 2e o{Me,p)\\w^,z) (3.15) 
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where we have used the fact that 



1,3 



p-u^ Auy = Wp eR , u eW 



(see j7j, Lemma A. 3). Notice that from Lemma f3. II we have that 



\Vv{e,p)\'<</47rMe,p)\\iy,., 0, 

|p|-+oo 

6/:;—/ / 1^ i2 



Vcu ■ \/r]{e,p) 
and, by the Holder inequahty and Lemma IHTTj 



< / |V^n h(£,p)|ki.3,-^ 0, 



uj ■ {uj^ A rj{e,p)y + r]{e,p)^ A Wj^) 



< 2||u;||^i,3||r7(£,p)||w'i.3 — ^ 0, 



< ||a;||vyi.3h(£,p)||^i.3 



0, 



?7(£,p) ■ (a; + 'n{e,p)).^ A + r]{e,p))^ 

< \\u + r]{e,p)\\^^^4\r]{e,p)\\w^,3 0. 

|p|-+oo 

Moreover the Gauss-Green Theorem yields 

Vh{uj + p) = - [ H{^ + p)d^ 

JBi 

so that by the Dominated Convergence Theorem we have that 

lim Vh{^^ + p) = 0. 

|p|— >oo 

From (j2.3|) . Holder inequality, and Lemma f3. 11 we have that 



\{VHiu+p),viE,p))\ 



H{uj + p)r]{e,p) -uj^A 



< \\H\\L^(f.3)\\uj\\l,i-i\\r]{e,p)\\wi.3—^ 0. 

|p|— +00 



From (ITTHIl - (PO^ . it follows that 
lim $e(p) 

IpI^oo 

The proposition is thereby proved. 



- / \Vuj\^ + - 
2 ./to2 3 



UJ ■ Ux A LUy = So{iij)- 
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Proof of Theorem 11.11 As already observed at the beginning of Section 2, it is not 
restrictive to take Hq = 1. From Proposition 13.31 it fohows that for \e\ < Eq either is 
constant (and hence we have infinitely many critical points) or it has a global maximum 
or minimum point. In any case has a critical point. Since is a natural constraint for 
Ss, we deduce the existence of a critical point of S,. for \e\ < Eq and hence of a solution to 
(Pg). The i/e-bubble Ue found in this way is of the form u + p'^ + r]{e, p^) for some G 
where r] is as in Lemma f3. 11 Remark l3 . 21 vields that is closed in C^'^/'^(S^, R'^)-norm to 
the manifold {u + p : p E M.^} for e small. Since u has no branch points, we deduce that 
Us has no branch points. □ 

To prove Theorems 11.21 and II. 4t we need the following expansion for (see [7j ) 

$^(p) = So{uj) - 2er{p) + 0{e^) as e ^ uniformly in p G (3.23) 

Proof of Theorem 11.21 Let 5 > small. Assumption (HA) implies that r(0) > 
and hence from ()3.23|) we have that for e small $e(0) < So{uj), whereas from assumption 
{H3) we have that Hessr(O) is positive definite so that F has a strict local minimum in 
and hence from (j3.23j) has a strict local maximum in 3^(0) for some r > such that 
$e(p) < $e(0) — Ce < £^0(1^) ^OY \p\ = r, where q is some positive constant depending on e. 
In particular $e has a mountain pass geometry. Moreover by Theorem II . II <l>^ f — >■ So{uj) 
as \p\ — s> 00, and so must have a global minimum point. If the minimum point and the 
mountain pass point coincide then has infinitely many critical points. Otherwise 
has at least three critical points: a local maximum point, a global minimum point, and a 
mountain pass. If e < we find the inverse inequalities and hence we find that has a 
local minimum point, a global maximum point, and a mountain pass. As a consequence 
(Pg) has at least three solutions provided e is sufficiently small. □ 

As observed in Remark |l. 31 if Hi{0) > and Hessifi(O) is positive definite, by conti- 
nuity we have that for Hq sufficiently large F(0) > and HessF(O) is positive definite, so 
that we can still prove the existence of three solutions arguing as above. 
Proof of Theorem ll.4L Assumption {H5) implies that F(pi) > and F(p2) < 0. Since 
$e(p) = So{uj) + 2e [ — T (p) + o{l)) as £ ^ 0, we have for e sufficiently small 

^e{pi) < So{uj) and $^(^2) > ^o(^) 

if £ > and the inverse inequalities if e < 0. Since by Theorem 11.11 ^r(p) Sq^uj) as 
\p\ 00, we conclude that must have a global maximum point and a global minimum 
point in M^. Since is a natural constraint for Se, we deduce the existence of two critical 
points of for |£| sufficiently small and hence of two solutions to (Pe). □ 

As observed in Remark [T75l if Hi{pi) > and Hi{p2) < 0, by continuity we have that 
for Hq sufficiently large F(pi) > and F(p2) < 0, so that we can still prove the existence 
of two solutions arguing as above. 
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